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The charge form factor and weak decay constant of the pion as well as the pion-quark coupling constant in
symmetric nuclear matter are explored in the framework of the Nambu–Jona-Lasinio model, where the pion is
described as a bound state of dressed quark-antiquark pair obtained by the Bethe-Salpeter equation. For the
in-medium current quark properties, we adopt the quark-meson coupling model, which describes successfully
many hadron properties in a nuclear medium. The pion decay constant and the pion-quark coupling constant are
found to decrease with increasing density as well as the magnitude of the light quark condensate. But the pion
mass is found to be insensitive to density up to 1.25 times the normal nuclear density. The pion charge form
factor in the space-like region is also explored and is found to have a similar Q2 dependence as the form factor
in vacuum showing 1/Q2-behavior in large Q2 region, where Q2 is the negative of the four-momentum transfer
squared. The modifications of the charge radius of the charged pion in nuclear matter are then estimated and
the root-mean-square radius at the normal nuclear density is predicted to be larger than that in vacuum by about
20%.
I. INTRODUCTION
Pions, the Goldstone bosons emerged as a consequence of
spontaneously breaking of global chiral symmetry in the favor
SU(2) sector, play special roles in understanding the strong in-
teractions, i.e., Quantum Chromodynamics (QCD), at low en-
ergies [1–4]. In particular, the pion electromagnetic form fac-
tor would provide us with information on the non-perturbative
aspects of the pion internal structure as well as on the under-
lying quark-gluon dynamics [5, 6]. There have been many
studies devoted to understand the internal structure of the pion
in free space based on various types of phenomenological ap-
proaches [5, 7–18] and in lattice QCD simulations [19–22].
Experimentally, there have been many data accumulated for
the pion form factor [23–27] and new experimental measure-
ments have been proposed [28].
However, all those studies focused on the pion form factor
in vacuum and only a few studies have been reported so far
on the pion form factors in nuclear medium. We note that, in
Ref. [29], the authors including one of us used a light-front
constituent quark model to describe the pion in vacuum as
well as in medium. Although it gave us some insights on the
properties of in-medium pions, there are a few aspects which
require further investigations. Namely, (i) in the light-front
constituent quark model, the constituent quark mass value in
vacuum is an input and treated as a free parameter and (ii)
the vacuum in the light-front approach is “trivial” and there
is no quark condensate, which cannot make a direct relation
with spontaneous breaking of chiral symmetry of the vacuum.
Therefore, although the study of Ref. [29] gave a first step in
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studying the pion properties in medium, we need to improve
and test it further by making connections with the spontaneous
breaking of chiral symmetry, which should be related to the
basic features of the strong interactions. In the present arti-
cle, we address this point and, for this purpose, we make use
of the Nambu–Jona-Lasinio (NJL) model as an effective the-
ory of QCD, which describes the spontaneous breaking of chi-
ral symmetry and offers the dynamically generated constituent
quark mass based on quark condensates.
Some observations, such as the EMC effect [30], indicate
that the internal structure of hadrons may change in nuclear
medium and also imply partial restoration of chiral symme-
try in nuclear medium [31]. The phenomenon of medium
modifications is, therefore, one of most interesting subjects
in nuclear and hadron physics [32–36]. In particular, how
the properties of hadrons and their internal structures change
by the surrounding nuclear environment is one of the impor-
tant issues, which collects special attentions [32–37] in con-
nection with the partial restoration of chiral symmetry in a
strongly interacting environment [38–41]. The order parame-
ters of this phenomena are the light-quark condensates in nu-
clear medium [42] and their changes in nuclear medium are
main driving forces for the change of the hadron properties in
nuclear medium [43]. However, finding the clear experimen-
tal evidence of partial restoration of chiral symmetry is still
challenging.
Spontaneous breaking of global and local chiral symmetry
are important in understanding QCD and the former generates
the pseudoscalar meson nonet of massless Goldstone bosons.
The explicit breaking of the U(1) axial symmetry selectively
shifts up the η0-singlet mass leaving the SU(3) flavor octet of
pions, kaons, and η8 to be massless. Dynamical symmetry
breaking in QCD further produces most of the nucleon mass
with the explicit chiral symmetry breaking. Then, the flavor
symmetry breaking leads to the experimentally observed pat-
terns in low-lying hadron spectra [44, 45]. Since chiral sym-
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2metry has a big impact, in particular, on the low-lying hadron
mass spectrum, the partial restoration of chiral symmetry in
a strongly interacting medium is important to understand the
change of hadron properties in nuclear medium.
As pions are the lightest bound states of dressed quark-
antiquark pairs, we first focus on the electroweak properties
of pions in nuclear medium in this exploratory study by cal-
culating the space-like electromagnetic form factor and weak
decay constant of the in-medium pion as well as the pion-
quark coupling constant in symmetric nuclear matter. For this
purpose, we use the NJL model that is one of the widely
used chiral effective quark models of QCD with numerous
successes in studying meson properties [5, 16, 44–48]. Re-
cently, the NJL model has been successfully used to study the
pion form factor in vacuum [14–16]. In the present work, fol-
lowing the formalism of Ref. [16], we study the electroweak
properties of pions in symmetric nuclear matter. For the in-
medium modified light quark properties that are necessary to
study in-medium pions, we make use of the quark-meson cou-
pling (QMC) model [49, 50]. The in-medium quark properties
obtained in this model are used as inputs to study the proper-
ties of in-medium pions in the NJL model by solving the gap
equation for the dynamical quark mass and the Bethe-Salpeter
equation for the pion bound state in nuclear medium.
This paper is organized as follows. We begin with a short
review on the formalism to compute pion properties in the
NJL model in Sec. II. Then in Sec. III, the QMC model is
briefly explained since this model will be used for estimating
modified quark properties in nuclear medium. Section IV is
devoted to the discussions on the obtained in-medium pion
properties and our numerical results on the change of pion
properties as functions of nuclear matter density are presented
and compared with predictions of other approaches. We then
consider the quark propagator in nuclear medium and estimate
the medium modifications of the pion elastic form factor in the
combined approach of the NJL and QMC models. Our results
on the in-medium form factor and charge radius are shown in
Sec. V, and we summarize in Sec. VI.
II. PION PROPERTIES IN THE NJL MODEL
In this section, we briefly review how we describe the pion
in the framework of the NJL model referring the details to,
for example, Refs. [14–16]. The NJL model is a chiral effec-
tive theory that mimics many of the key features of quantum
chromodynamics (QCD) and, therefore, it provides a useful
tool to understand non-perturbative phenomena in low energy
QCD [44–48]. The two-flavor NJL Lagrangian with a four
fermion contact interaction reads [15]1
LNJL = ψ¯(i/∂ − mˆ)ψ + Gpi2
[
(ψ¯ψ)2 − (ψ¯γ5~τψ)2
]
−Gω
2
(ψ¯γµψ)2 − Gρ
2
[
(ψ¯γµ~τψ)2 + (ψ¯γµγ5~τψ)2
]
,
(1)
where ~τ are the Pauli isospin matrices. The quark field is an
iso-doublet written as ψ = (u, d)T and mˆ = diag(mu,md) de-
notes the current quark mass matrix. The four-fermion cou-
pling constants are represented by Gpi, Gρ, and Gω. Through-
out the present work, we assume mu = md = mq.
The general solution to the standard NJL gap equation has
the form of
S −1q (p) = /p − Mq + i, (2)
where q = (u, d) and the dressed quark mass Mq is given by
Mq = mq − 4 Gpi 〈q¯q〉
= mq + 12iGpi
∫
d4k
(2pi)4
TrD[S q(k)]. (3)
Here, the quark condensate is denoted by 〈q¯q〉 and the trace
is taken over Dirac indices only. Introducing the proper-time
regularization scheme leads to
Mq = mq +
3GpiMq
pi2
∫ 1/Λ2IR
1/Λ2UV
dτ
τ2
exp
(
−τM2q
)
, (4)
where ΛUV and ΛIR are cutoff parameters.
The mesons considered here – pi, ρ, and ω – are realized in
the NJL model as quark-antiquark bound states whose prop-
erties are determined by the Bethe-Saltpeter equation (BSE).
The solution to the BSE in the pi and β (= ρ, ω) channels are
given by a two-body t-matrix that depends on the interaction
channel. The reduced t-matrices in these channels read
τpi(q) =
−2i Gpi
1 + 2 Gpi Πpi(q2)
, (5)
τ
µν
β (q) =
−2i Gρ
1 + 2 Gρ Πβ(q2)
(
gµν + 2 Gρ Πβ(q2)
qµqν
q2
)
, (6)
where the bubble diagrams give
Πpi(q2) = 6i
∫
d4k
(2pi)4
TrD
[
γ5 S q(k)γ5 S q(k + q)
]
, (7)
Π
qq
β (q
2) PµνT = 6i
∫
d4k
(2pi)4
TrD
[
γµS q(k)γνS q(k + q)
]
, (8)
with Πρ = Πω = Π
qq
β and P
µν
T = g
µν − qµqν/q2.
1 In principle, the two flavor singlet pieces of the Gρ term in Eq. (1) can
appear in the NJL interaction Lagrangian with separate coupling constants
as they individually satisfy chiral symmetry. Our choice of identical cou-
pling avoids flavor mixing giving the flavor content of the ω meson as
(uu¯ + dd¯)/
√
2.
3The meson masses are identified by the pole positions in
the corresponding t-matrices, and, for example, the pion mass
is determined by the pole condition as
1 + 2 Gpi Πpi(q2 = m2pi) = 0 (9)
and analogous conditions determine mρ and mω. This proce-
dure gives the pion mass as
m2pi =
mq
Mq
2
Gpi Iqq(m2pi)
, (10)
where
Iab(q2) = 3
pi2
∫ 1
0
dx
∫ 1/Λ2IR
1/Λ2UV
dτ
τ
e−τ[x(x−1) q
2+x M2b+(1−x) M2a ]
(11)
for quark flavor a and b. The residue at a pole in the q¯q t-
matrix defines the effective pion-quark coupling constant gpiqq
as
g2piqq = −
 ∂Πpi(q2)∂q2
∣∣∣∣∣∣
q2=m2pi
−1 . (12)
The pion decay constant is determined from the meson to
hadronic vacuum matrix element 〈0 | j5µa (0) | pi(p)〉 with j5µa
being the weak axial-vector current operator for a flavor quan-
tum number a. Solving the corresponding matrix, the pion
weak decay constant in the proper-time regularization is ob-
tained as [14]
fpi =
3gpiqqMq
4pi2
∫ 1
0
dx
∫ 1/Λ2IR
1/Λ2UV
dτ
τ
e−τ[M
2
q−x(1−x)m2pi]. (13)
This completes the formulas for the pion decay constant and
pion-quark coupling constant. Following Ref. [15], we fix
the parameter values as Mq = 0.4 GeV, ΛIR = 0.240 GeV
by the QCD scale, the empirical values for the pion mass
(mpi = 140 MeV) and the pion decay constant ( fpi = 93 MeV)
as well as vector meson masses (mρ = 770 MeV and mω =
782 MeV), which give ΛUV = 0.645 GeV, Gpi = 19.0 GeV−2,
Gρ = 11.0 GeV−2, and Gω = 10.4 GeV−2. For the current
quark mass, we choose mq = 16.4 MeV.
III. IN-MEDIUM PION PROPERTIES BASED ON THE
QMCMODEL
In order to calculate in-medium fpi and gpiqq in the frame-
work of the NJL model, we need the medium modifications
of the quark properties. For this purpose, we adopt the QMC
model for the in-medium modified quark properties in nuclear
matter. The QMC model [51] has been successfully applied
to many phenomena of nuclear and hadron systems includ-
ing finite nuclei [49, 50, 52–54], hypernuclei [55, 56], super-
heavy nuclei [57], and neutron stars [58]. It has also been
widely used to study the in-medium nucleon and hadron prop-
erties [33, 59]. Recently, studies have been extended to the
calculation of the medium modifications of the nucleon weak
and electromagnetic form factors on the neutrino mean free
path in dense matter [60]. In this section, we briefly review
the main features of this model.
In the QMC model, medium effects arise from the self-
consistent exchange of the scalar (σ) and vector (ω and ρ)
meson fields directly coupled to the confined quarks rather
than to the pointlike nucleon. In the present calculation, we
consider symmetric nuclear matter in the Hartree mean field
approximation. This is because the differences between the
results of the Hartree and Hartree-Fock calculations are found
to be relatively small. In particular, the energy densities per
nucleon for symmetric nuclear matter are nearly identical at
the cost of complications introduced in the Hartree-Fock treat-
ment. Therefore, we use the Hartree approximation in this ex-
ploratory study. More details on the Fock terms in the QMC
model can be found, for example, in Ref. [61].
The effective Lagrangian for symmetric nuclear matter in
the QMC model is given by [33, 52–56]
LQMC = ψ¯
[
iγµ∂µ − M∗N(σ) − gωγµωµ
]
ψ +Lmeson, (14)
where ψ, σ, and ω are the nucleon, isoscalar-scalar meson σ,
and isoscalar-vector meson ω fields, respectively. The effec-
tive mass of the nucleon M∗N(σ) is defined as
M∗N (σ) ≡ MN − gσ (σ)σ, (15)
where gσ (σ) and gω are theσ-dependent nucleon−σ coupling
and the nucleon−ω coupling constants, respectively. In sym-
metric nuclear matter, the isospin-dependent ρ-meson field
vanishes in the Hartree approximation, so we do not explicitly
include the ρ meson field in the present work. The mesonic
part of the Lagrangian in Eq. (14) reads
Lmeson =
1
2
(
∂µσ∂
µσ − m2σσ2
)
− 1
2
∂µων (∂µων − ∂νωµ)
+
1
2
m2ωω
µωµ, (16)
The nucleon Fermi momentum kF , nucleon (baryon) den-
sity ρB, and the scalar density ρs of nuclear matter are defined
as
ρB =
γ
(2pi)3
∫
dk θ(kF − |k|) =
γk3F
3pi2
,
ρs =
γ
(2pi)3
∫
dk θ(kF − |k|)
M∗N(σ)√
M∗2N (σ) + k2
, (17)
where γ = 4 for a symmetric nuclear matter and γ = 2 for
asymmetric nuclear matter. The Fermi momenta of the proton
and neutron kp,nF are respectively determined by ρp and ρn with
ρB = ρp + ρn.
In the QMC model, nuclear matter is treated as a collection
of the nucleons that are assumed to be non-overlapping MIT
bags [62]. The Dirac equations for the light q (u and d) quarks
4inside the bag are given by
[
iγ · ∂ −
(
mq − Vqσ
)
∓ γ0Vqω
] ( ψu(x)
ψu¯(x)
)
= 0,
[
iγ · ∂ −
(
mq − Vqσ
)
∓ γ0Vqω
] ( ψd(x)
ψd¯(x)
)
= 0, (18)
which define the effective current quark mass m∗q as
m∗q ≡ mq − Vqσ. (19)
As in the previous section, we assume mu = md = mq. The
scalar and vector mean fields in symmetric nuclear matter are
defined as
Vqσ ≡ gqσ 〈σ〉 , Vqω ≡ gqω δµ0 〈ωµ〉 . (20)
The bag radius of the nucleon in nuclear medium (R∗N) is
determined from the mass stability condition against the vari-
ation of the bag radius. The eigenenergies of quarks in units
of 1/R∗N are given by(
u
u¯
)
= Ω∗q ± R∗N
(
Vqω +
1
2
Vqρ
)
,(
d
d¯
)
= Ω∗q ± R∗N
(
Vqω − 12V
q
ρ
)
, (21)
and the in-medium effective mass of the nucleon is obtained
as
M∗N =
∑
j=q,q¯
n jΩ∗j − zN
R∗N
+
4
3
piR∗3N B, (22)
where Ω∗q = Ω∗q¯ =
[
x2q +
(
R∗Nm
∗
q
)2]1/2
with xq being the low-
est mode bag eigenvalue that will be specified later. In this
expression, zN is related with the sum of the center-of-mass
and gluon fluctuation corrections [52]. Its value is determined
by the nucleon mass in free space and is assumed to be in-
dependent of density [52]. The bag pressure B is also fixed
by the inputs for the nucleon in vacuum, RN = 0.8 fm and
the free nucleon mass MN = 939 MeV. The parameter values
are determined for a given value of the current quark mass mq
and they are summarized in Table I. Then the in-medium bag
radius R∗N is determined by the condition
∂M∗N
∂R∗N
= 0. (23)
The nucleon bag radius R∗N at normal nuclear matter density
is found to decrease by a few per cent [33]. It should, how-
ever, be mentioned that this is not a physical quantity and the
corresponding quantity must be calculated using the relevant
wave function. In fact, in Ref. [53], it is shown that the nu-
cleon radius at normal nuclear matter density increases by a
few percent when calculated with the quark wave function.
All the parameter values and some results of the QMC
model are displayed in Table I for two different quark mass
TABLE I. Parameters of the QMC model and the obtained nucleon
properties at saturation density ρ0 = 0.15 fm
−3 for two quark mass
values in free space, mq = 5.0 and 16.4 MeV. The current quark mass
mq, the effective nucleon mass M∗N , and the nuclear incompressibil-
ity K are given in units of MeV. The parameters are fitted to the
free space nucleon mass MN = 939 MeV with RN = 0.8 fm, and
the nuclear matter saturation properties, i.e., the binding energy of
15.7 MeV at the saturation density ρ0.
mq g2σ/4pi g
2
ω/4pi B
1/4 zN M
∗
N K
5.0 5.393 5.304 170.0 3.295 754.6 279.3
16.4 5.438 5.412 169.2 3.334 752.0 281.5
values, mq = 5.0 and 16.4 MeV. In the present calculation, to
be consistent with the NJL model described in the previous
section, we use mq = 16.4 MeV. The ground state wave func-
tion of the quark inside a bag satisfies the boundary condition
at the bag surface, j0(xq) = βq j1(xq), where j0 and j1 are the
spherical Bessel functions and
βq =
√
Ω∗q − m∗qR∗N
Ω∗q + m∗qR∗N
. (24)
The scalar σ and vector ω meson fields at the nucleon level
are related as
ω =
gω ρB
m2ω
, (25)
σ =
4gσ CN(σ)
(2pi)3m2σ
∫
dk θ(kF − |k|)
M∗N(σ)√
M∗2N (σ) + k2
, (26)
where CN(σ) is defined as
CN(σ) =
−1
gσ(σ = 0)
[
∂M∗N(σ)
∂σ
]
. (27)
For the point-like structureless nucleon, we have CN(σ) = 1
as in Quantum Hadrodynamics (QHD) [63, 64]. Thus the σ
dependence of the coupling gσ(σ) or CN(σ) reflects the mod-
ifications of the quark dynamics in nuclear medium and is the
origin of the novel saturation properties achieved in the QMC
model. By solving the self-consistent equation for the scalarσ
mean field in Eq. (26), the total energy per nucleon is obtained
as
Etot/A =
4
(2pi)3ρB
∫
dk θ(kF − |k|)
√
M∗2N (σ) + k2
+
m2σ σ
2
2ρB
+
g2ω ρB
2m2ω
. (28)
The coupling constants gqσ and g
q
ω in Eq. (20) are determined
by fitting the binding energy, 15.7 MeV, of symmetric nuclear
matter at the saturation density and they are respectively re-
lated with gσ and gω by gσ = 3S N(σ = 0)g
q
σ and gω = 3g
q
ω,
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FIG. 1. Energy per nucleon, Etot/A − MN , for symmetric nuclear
matter in the QMC model for the current quark mass mq = 16.4 MeV.
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FIG. 2. Effective nucleon mass M∗N in symmetric nuclear matter cal-
culated with mq = 16.4 MeV.
where S N(σ) is defined through [51, 59]
∂M∗N(σ)
∂σ
= −3gqσ
∫
bag
d y ψq(y)ψq(y)
≡ −3gqσS N(σ) = − ∂
∂σ
[
gNσ (σ)σ
]
(29)
with ψq being the lowest mode bag wave function in medium.
These relations determine the in-medium quark dynamics,
which is needed to compute the medium modifications of
hadron properties in nuclear medium. That is, we assume
that the in-medium light-quark properties obtained for the nu-
cleon are not much different from those of light quarks in other
hadrons. In the present work, therefore, we will explore the
in-medium pion properties with the modified quark properties
determined by the in-medium nucleon properties.
Figure 1 shows the energy per nucleon for symmetric nu-
clear matter, which corresponds to the results listed in Table I
for mq = 16.4 MeV. The obtained effective nucleon mass M∗N
is illustrated in Fig. 2 as a function of ρB/ρ0. The correspond-
ing effective quark mass m∗q as well as the scalar potential −Vqσ
and vector potential Vqω are shown in Fig. 3.
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FIG. 3. The effective quark mass, m∗q, and the quark potentials, −Vqσ
and Vqω, for mq = 16.4 MeV.
TABLE II. Properties of in-medium pion calculated in the NJL model
with the in-medium inputs from the QMC model for mq = 16.4 MeV.
The units for M∗u , m
∗
pi, f
∗
pi , and − 〈u¯u〉∗1/3 are GeV.
ρB/ρ0 M
∗
u m
∗
pi f
∗
pi g
∗
piqq − 〈u¯u〉∗1/3
0.00 0.400 0.140 0.093 4.225 0.171
0.25 0.370 0.136 0.092 3.964 0.167
0.50 0.339 0.134 0.089 3.720 0.162
0.75 0.307 0.132 0.086 3.494 0.156
1.00 0.270 0.131 0.081 3.265 0.149
1.25 0.207 0.136 0.069 2.948 0.136
IV. IN-MEDIUM PION PROPERTIES
Being equipped with the NJL-model formalism and QMC
model for the medium-modified quark properties, we com-
pute the pion properties in nuclear medium in this section.
Using the in-medium properties obtained in the QMC model
with mq = 16.4 MeV, we calculate the effective quark mass
M∗u, in-medium pion mass, in-medium pion decay constant,
in-medium quark condensate, and in-medium piqq coupling
constant. The results are listed in Table II for a given set of
nuclear matter densities. Some of these results are illustrated
in Figs. 4–7 as functions of ρB/ρ0.
Shown in Fig. 4 are the results for the ratio of the in-
medium to vacuum quark condensates. We found that this
ratio decreases with increasing nuclear matter density and the
ratio at the nuclear matter saturation density is estimated to be
about 0.87. This is somehow higher than the value obtained
in Ref. [31], which gives 0.63 ∼ 0.57 through the relation
〈q¯q〉∗ / 〈q¯q〉 ∼ 1 − (0.37 ∼ 0.43) ρB/ρ0 in low density region.
Results for the ratio of the in-medium to vacuum pion-quark
coupling constant g∗piqq/gpiqq are shown in Fig. 5. We again ob-
serve that g∗piqq/gpiqq decreases with increasing density, which
is consistent with the results of Refs. [65, 66]. At normal nu-
clear density, we obtain g∗piqq/gpiqq = 0.77, which is smaller
than the value (≈ 0.9) obtained in Ref. [66].
In the NJL model we calculate the in-medium pion decay
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FIG. 4. The ratio of the in-medium to vacuum quark condensate as a
function of ρB/ρ0.
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FIG. 5. The ratio of the in-medium to vacuum pion-quark-quark cou-
pling constant as a function of ρB/ρ0.
constant f ∗pi with Eq. (13) by replacing quark mass and cou-
pling by the corresponding in-medium quantities.2 Our results
for the ratio of the in-medium to vacuum pion decay constants
are presented in Fig. 6. Again the ratio is found to decrease
as density increases, and, at normal nuclear matter density, we
obtain f ∗pi / fpi = 0.87, which is in good agreement with the re-
sults of Refs. [40, 67], f ∗pi / fpi = 0.80, and is larger than the
values obtained in Refs. [68, 69] by about 10-20%.
In vacuum or at zero baryon density, the NJL model satis-
fies the chiral limit as can be seen from Eq. (10). Namely, in
the chiral limit, mq = 0, where mq is the current quark mass,
the pion mass vanishes, although the constituent quark mass
Mq , 0 since the chiral condensate does not vanish as shown
in Eqs. (3) and (4). By combining the result of the gap equa-
tion of Eq. (4) with the pion mass and the pion decay constant
given in Eqs. (10) and (13), respectively, it is straightforward
2 In a nuclear medium, the pion decay constant can be separated into the
temporal f (t)pi and spatial f
(s)
pi components, respectively, where the f
(t)
pi is
directly connected to a physical quantity [67].
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FIG. 6. The ratio of the in-medium to vacuum pion decay constant
as a function of ρB/ρ0.
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FIG. 7. The ratio of the in-medium to vacuum pion mass as a function
of ρB/ρ0.
to obtain the Gell-Mann–Oakes–Renner relation,
f 2pi m
2
pi ≡ −
1
2
(mu + md)〈u¯u + d¯d〉, (30)
where 〈u¯u〉 and 〈d¯d〉 are the light u- and d-quark (chiral) con-
densates, respectively, which are directly related to the con-
stituent quark mass in the chiral limit. This explicitly shows
that the present proper-time regularization scheme in the NJL
model is consistent with the chiral symmetry in QCD.
At finite baryon density, the in-medium quark condensate
〈q¯q〉∗, which is the order parameter of chiral symmetry in
medium, also can be calculated similarly to the vacuum case
with the corresponding in-medium inputs using Eqs. (3) and
(4). The calculated ratio for the in-medium to vacuum light
quark condensate as a function of ρB/ρ0 is shown in Fig. 4.
The result shows the decrease of the in-medium light quark
condensate as nuclear matter density increases. This indicates
that chiral symmetry is partially restored at finite baryon den-
sity or by increasing nuclear matter density.
Finally, we check the medium modifications on the pion
mass and the results are presented in Fig. 7. We confirm that
the pion mass is almost unchanged up to 1.25 ρ0, which is
7consistent with the results obtained in Ref. [65] in the low
density region. (See also Ref. [67].) The differences between
the in-medium pion mass and the free pion mass is within 6%
up to nuclear density of 1.25 ρ0. This justifies our assumption
that m∗pi ≈ mpi up to about normal nuclear density.
With the in-medium modifications on the pion properties
obtained in this section, we also consider the quenching of
the nucleon weak axial-vector coupling constant. The origi-
nal Goldberger-Treiman relation is at the nucleon level and is
given by gA = gpiNN fpi/MN , where gA, gpiNN , and MN are the
isovector nucleon weak axial-vector coupling constant, pion-
nucleon coupling, and the nucleon mass, respectively. At the
quark level, MN is replaced by Mq (dynamical quark mass)
and gpiNN by gpiqq. Then, the ratio of the in-medium to vac-
uum isovector nucleon axial-vector coupling constant can be
written as [66] (
g∗A
gA
)
=
(g∗piqq
gpiqq
) (
f ∗pi
fpi
) (
Mq
M∗q
)
. (31)
By inserting our results for the corresponding quantities, we
estimate g∗A/gA ≈ 0.99, which is consistent with the quenching
of g∗A but less amount of quenching compared with the result
of Ref. [70] that gives g∗A/gA ≈ 0.9.
V. IN-MEDIUM ELECTROMAGNETIC FORM FACTORS
In this section we calculate the electromagnetic form factor
of the positively charged in-medium pion. The in-medium
pion electromagnetic form factors are determined by adopting
the method of Ref. [16] with a dressed quark-photon vertex.
A. Formalism
The in-medium electromagnetic form factor is obtained by
modifying the quark propagator as
S ∗q(k
∗) =
1
/k∗ − M∗q + i
, (32)
where M∗q is the effective constituent quark mass and the in-
medium quark momentum is given by k∗µ = kµ + Vµ with vec-
tor field Vµ = (V0, 0) by neglecting the modification of the
space component of the quark momentum that is known to be
small [61, 71]. In the form factor calculation, the vector field,
which enters the propagator in Eq. (32), can be eliminated by
the shift of the variable in the integration [29, 72].
The electromagnetic current of the in-medium pion is given
by
Jµ(p′, p) =
(
p′µ + pµ
)
F∗pi(Q
2), (33)
where p and p′ are the initial and final four momenta of the
pion with q2 = (p′ − p)2 ≡ −Q2 and F∗pi(Q2) is the in-medium
pion form factor.
As in the case of the pion in vacuum [16], the in-medium
p p′
p + k p′ + k
q
µ
k
+
p p′
k
k − p k − p′
q
µ
FIG. 8. Electromagnetic interactions of the pion.
pion form factor in the NJL model is written as the sum of the
two diagrams depicted in Fig. 8, which respectively give
jµ1,pi
(
p′, p
)
= i
(
g∗piqq
)2 ∫ d4k
(2pi)4
Tr
[
γ5 τ
†
α S
∗(p′ + k) Qˆ γµ S ∗(p + k) γ5 τα S ∗(k)
]
, (34)
jµ2,pi
(
p′, p
)
= i
(
g∗piqq
)2 ∫ d4k
(2pi)4
Tr
[
γ5 τα S ∗(k − p) Qˆ γµ S ∗(k − p′) γ5 τ†α S ∗(k)
]
, (35)
where Qˆ = 16 +
τ3
2 and the trace is taken over the Dirac,
color, and flavor indices. The index α labels the state and
τα =
1√
2
(τ1 ± iτ2) are the corresponding flavor matrices. In
flavor space, the in-medium quark propagator reads S ∗q(p) =
diag[S ∗u(p), S ∗d(p)].
The in-medium form factor of the pion is then given by
F* (bare)pi+ (Q
2) = (eu − ed) f ∗``pi (Q2), (36)
where ` = u, d. The superscript “(bare)” in Eq. (36) means
that the quark-photon vertex is elementary, that is, Λµ(bare)γq =
Qˆ γµ. The first superscript a in f ∗abpi (Q2) indicates the struck
quark and the second superscript b means the spectator quark.
The explicit expression of f ∗abpi (Q2) reads
8f ∗abpi (Q
2) =
3
(
g∗piqq
)2
4 pi2
∫ 1
0
dx
∫ 1/Λ2IR
1/Λ2UV
dτ
τ
exp{−τ
[
M∗2a + x(1 − x) Q2
]
}
+
3
(
g∗piqq
)2
4 pi2
∫ 1
0
dx
∫ 1−x
0
dz
∫ 1/Λ2IR
1/Λ2UV
dτ
[
(x + z) m∗2pi + (M
∗
a − M∗b)2(x + z) + 2M∗b
(
M∗a − M∗b
)]
× exp{−τ
[
(x + z)(x + z − 1) m∗2pi + (x + z) M∗2a + (1 − x − z) M∗2b + xzQ2
]
}. (37)
p
p′
=
p
p′
+
p
p′
=
p
p′
+
p
p′
FIG. 9. Diagrams of the inhomogeneous Bethe-Salpeter equation
that gives the dressed quark-photon vertex. The large shaded oval
represents the solution to the inhomogeneous BSE, while the small
dot is the inhomogeneous driving term Qˆ γµ, and the double-dots
represent the qq¯ interaction kernel.
In general, the quark-photon vertex is not simply given as
Qˆ γµ, but is dressed, of which effect is given by the inhomo-
geneous Bethe-Salpeter equation as illustrated in Fig. 9 [16].
With the NJL interaction kernel, the general form for the
dressed quark-photon vertex for a quark of flavor f reads
Λ
µ
γQ(p
′, p) = e fγ
µ +
(
γµ − q
µ
/q
q2
)
F∗Q(Q
2)
→ γµ F∗1Q(Q2), (38)
where the final form follows from that the qµ/q/q2 term does
not contribute because of the transversality of the photon.
One can verify that, after the substitution in Eq. (38), it
clearly satisfies the Ward-Takahashi identity, qµ Λ
µ
γQ(p
′, p) =
e f
[
S ∗−1q (p′) − S ∗−1q (p)
]
. For the dressed u and d quarks we
find
F∗1U/D(Q
2) = eu/d
1
1 + 2 Gρ(ω) Π∗``β (Q2)
, (39)
where the in-medium bubble diagram leads to
Π∗``β (Q
2) =
3 Q2
pi2
∫ 1
0
dx
∫ 1/Λ2IR
1/Λ2UV
dτ
τ
x (1 − x) e−τ[M∗2q +x(1−x)Q2].
(40)
In the limit of Q2 → ∞, these form factors reduce to the
elementary quark charges as expected. For small Q2, they
are similar to the expectations of the vector meson dominance
hypothesis, where the u and d quarks are dressed by ρ and
ω mesons. The denominator in Eqs. (39) has the same pole
structure of the Bethe-Salpeter equation in the ρ or ω chan-
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FIG. 10. The electromagnetic form factor of positively charged pion
for different nuclear matter densities. The solid, dashed, and dotted
lines are for ρB/ρ0 = 0.0, 0.5, and 1.0, respectively. The solid line
is to be compared with the DSE predictions of Ref. [13], the empir-
ical parameterization of Ref. [23], and the experimental data from
Refs. [23, 24, 27].
nels. Therefore, the dressed u and d quark form factors have
poles at Q2 = −m2ρ and Q2 = −m2ω.
The final expression for the in-medium pion form factor
with the dressed quark-photon vertex is then written as
F∗pi+ (Q
2) = [F∗1U(Q
2) − F∗1D(Q2)] f ∗``pi (Q2). (41)
More detailed discussions on the pion form factor can be
found, for example, in Refs. [5, 15, 16].
B. Results
With the dressed quark-photon vertex, our numerical re-
sults for the space-like electromagnetic form factors of the
positively charged in-medium pion are shown in Figs. 10
and 11. In the present calculation, we assume m∗pi ∼ mpi up
to ρ ' 1.25 ρ0 as verified in the previous section. In Fig. 10,
our results are compared with the experimental data for free
pion form factor [23, 24, 27], the Dyson-Schwinger equation
(DSE) result of Ref. [13], and the empirical parameterization
of Ref. [23].
Figure 10 shows that the Q2 dependence of the pion elec-
tromagnetic form factor for several nuclear matter densities,
namely, ρB/ρ0 = 0.0, 0.5, and 1.0. Our results for the free-
space pion form factor (solid line) are in good agreement
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FIG. 11. Results for Q2F∗pi(Q
2) for various nuclear matter densities.
TABLE III. Charge radius rpi of the positively charged pion in sym-
metric nuclear matter in units of fm.
ρB/ρ0 rpi r
expt. [73]
0.00 0.629 0.672 ± 0.008
0.25 0.655
0.50 0.683
0.75 0.713
1.00 0.747
1.25 0.802
with the data and the empirical monopole function form of
Fpi(Q2) = [1 + Q2/Λ2pi]
−1 [23] with Λ2pi = 0.54 GeV
2. Our
results show that the in-medium pion electromagnetic form
factor is suppressed with increasing density.
Shown in Fig. 11 are the same results as in Fig. 10 but for
Q2Fpi(Q2). The medium effects on the suppression of the pion
form factor are clearly seen and it is reduced by about 20%
at normal nuclear density, which would be large enough to be
extracted empirically.
With the obtained electromagnetic form factors of the pion,
the root-mean-square charge radius of the pion and its depen-
dence on density can also be explored. The charge radius is
calculated through
〈rpi〉 =
√
−6dFpi(Q
2)
dQ2
∣∣∣∣∣∣
Q2=0
. (42)
Results for the in-medium pion charge radius for various nu-
clear densities are listed in Table III. The obtained charge ra-
dius of the pion in vacuum is in good agreement with the em-
pirical data [73]. Our calculations show that the charge radius
of the in-medium pion increases with density and at normal
nuclear density it is predicted to be larger than the free-space
value by about 20%.
VI. SUMMARY
In the present work, the electroweak properties of the pion
in symmetric nuclear matter have been explored in the frame-
work of the NJL model. The in-medium modifications of
quark properties are estimated by the QMC model and are
used as inputs of the NJL model calculations. By combining
the NJL and QMC models, we have investigated the density
dependence of the quark condensates, the pion decay constant,
the pion-quark coupling constant, and the pion mass.
We have found that the ratios of the in-medium to vacuum
quark condensates, pion-quark-quark coupling constant, and
the pion decay constant decrease as the nuclear matter den-
sity increases. Our estimates on the ratios of 〈q¯q〉∗ / 〈q¯q〉,
g∗piqq/gpiqq, and f ∗pi / fpi are 0.87, 0.77, and 0.87, respectively, at
normal nuclear density.
Then the space-like electromagnetic form factor of the in-
medium pion is calculated by considering the dressed quark-
photon vertex and its density dependence. By adopting the
calculated in-medium pion-quark coupling constant, we esti-
mated the pion electromagnetic form factor in medium. The
in-medium pion form factor is found to be suppressed com-
pared with the form factor in vacuum as the nuclear matter
density increases, while the charge radius of the pion is found
to increase as density increases. These effects are as large as
20% of the vacuum values and would be tested by experiments
at present and future facilities [74].
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